Introduction
It is well known that the regularity of minimal submanifolds can be reduced to the study of minimal cones and hence to compact minimal submanifolds of the sphere. A phenomenon related to regularity was discovered by Bernstein [3] in 1915. The Bernstein Theorem says that an entire solution to the minimal surface equation in two variables is a plane. An answer to the extrinsic rigidity question of whether a minimal submanifold which lies in some neighborhood of a standard sphere must actually be a standard sphere is of interest in relation to the above topics as well as in its own right.
Efforts to generalize Bernstein's Theorem were made by many authors. The work of Simons [16] completed the proof in codimension one up to dimension 7. Bombieri, de Giorgi and Guisti [4] gave a counterexample in dimension 8. For two-dimensional graphs, Osserman [14] proved a version of Bcrnstein's theorem assuming the normal vectors omit a neighborhood of the sphere. Simons [16] proved that a minimal cone whose normal planes lie in a sufficiently small neighborhood is a plane and hence Bernstein's theorem is true for a graph whose normals satisfy the same condition. Reilly [15] enlarged the neighborhood. His estimate says that if a cone has the property that the normals satisfy <N, A> > V(2k-2)/(3k-2) for some fixed k-plane A, then the cone is a plane. For two-dimensional minimal graphs Barbosa [2] improved the neighborhoods to an open hemisphere. More specifically, Barbosa showed that a compact minimally immersed sphere in S ~+~ such that its normal satisfy <N, A> >0 for some fixed A is totally geodesic. The theorem was also proved by S. T. Yau [17] for S 2 in S 4 and by Kenmatsu [10] under the stronger assumption of a bound on <N, A>. Lawson and Osserman [12] constructed a series of examples of (1) Supported in part by NSF grant MGS 77-18723 A01. minimal graphs which are cones regular away from the origin, thus showing that Barbosa's Theorem fails to hold in general dimensions and codimensions and regularity does not hold for Lipschitz solutions to the minimal surface system. This paper deals with the study of minimal cones whose normals satisfy conditions of this type. We improve the estimates of Reilly and we generalize Barbosa's result.
In the two-dimensional case, the technique is to use a local computation to show log(N, A> is a superharmonic function whenever <N, A> >0. In the general case for M a a compact minimal immersion in S n+k we show if <N, A>>cos~(zt/2 2V~T) where p= min (k, n + 1), then M is a totally geodesic sphere. The first example of Lawson and Osserman occurs in dimension 3, eodimension 3. In that example, <N, A> ~ 1/9. Reilly's number is 2/1/7 ~ 0.74 and this new estimate is cos 3 (z/21/6) ~ 0.51. This estimate improves previous ones in all dimensions and eodimensions. The technique is to use facts about harmonic maps and information about the Grassmannian. One fact is that the Gauss map of a submanifold of R" with parallel mean curvature is harmonic. The other is that the composition of a convex function with a harmonic map is subharmonie. The idea is then to determine the neighborhood of a point in the Grassmannian on which the distance function is convex, and compare this function with the Gauss map to give a subharmonie function on M.
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Preliminaries
We first establish basic notations.
Let ~m be a Riemannian manifold. We define a submanifold M ~ of ~m to be an 
B~(e,, ej) = -Z h~(p) v~(p).
The h~j are the components of B with respect to the chosen bases, with a sign change.
Note that h~ = h~. The minimality condition on M is ~, h~ =0 for ~--1 ..... k. We adopt the notation that roman indices i, j, l run from 1 to n and Greek indices ~, fl, 7 run from 1 to k.
We will primarily be considering minimal submanifolds of the sphere. S ~+n will always denote the standard unit sphere in R ~+~+1. For any n-dimensional submanifold M" of S k+", and ~.
Two.dlmensional ease
The fact that a compact minimal hypersurfaee of the sphere which has the property that the normal vectors all lie within some fixed hemisphere is a totally geodesic sphere was first proved by de Giorgi [8] . We prove a statement for complete parabolic minimal immersions in the sphere which has as a consequence the result for surfaces analogous to the above.
We now consider a compact surface M s minimally immersed in S e+2, the standard unit sphere in R k § We will compute A logaN, A) in the same setting as in the previous 
Proo/. Let to=(N, A) =( ~e N, ~e A).
Let e~, ..., vk be the orthonormal frame defined above. Then e 3 gives the radial direction on CM and h~ = (V--e, va, ej) =0 if i =3 or j =3. Here V denotes the connection on R k+s and h~ are components of the second fundamental form on CM. Recall []
In the case that M is compact it was pointed out by J. Milnor that the condition (N, A) >0 implies that M is homeomorphic to S 2, hence in the compact case the theorem gives another proof of Barbosa's theorem.
In the unorientable case, the following corollary holds.
COROLLARY 2.4. I] M 2 is a non-orientable complete parabolic immersed minimal $ur]ace in S k+2 then/or any ]ixed k.plane A, there is some normal k-plane N such that (N, A~ =0.

Properties o| the Grassmnnnian
The proof in the general case relies on information about the Grassmannian of k-planes in (k § in conjunction with some facts about harmonic maps. In this section
we summarize a few properties of the Grassmannian which we will need.
Given a k-plane P we can choose an oriented orthonormal basis e 1 . 
HI(X, Y) = Xr/-(Vx Y)'/ where X and Y are extended as smooth vector fields to a neighborhood of p. It is easy to see that H](X, Y) is independent of the extension of X and Y and that
HI(X, Y) = H/( Y, X).
A function [ is (strictly) convex if H[(., 9 )
is a (strictly) positive definite quadratic form. [] We are interested in specializing this result to the case of the Grassmann manifold Gk. m. We first note that G~. m is simply connected and ~ = 2.
Lv.~,
For G~.m, 7;>~ where T is as in Lemma 3.2.
Proo]. A result of Crittenden [7] shows that on a simply connected symmetric space, the first cut point along a geodesic is a conjugate point. By standard comparison theorem arguments, the first conjugate point cannot occur before the distance ~ is achieved. Therefore z ~>~.
[] The rest of this section is devoted to computing the maximum of the inner product By the Maximal Torus Theorem any geodesic 7 can be translated into a geodesic 7' contained in ~7. By the invarianee of ~., 9 ) under isometry, we have (7(~/2~), A) = (7'(~/2V2), A).
Hence in order to maximize ~N, A) on the boundary of B~I~v~(A ), it suffices to maximize ~N, A) over the set L = {ff n B,,~v~(A)}.
On this set the inner product can be explicitly computed.
We compute the geodesics ~(e tx) for X in trt' where X has unit length. In general, 
Proof in general dimensions and eodimensions
The above result for minimal surfaces in S ~+~ is false for higher dimensions. In this section we derive an estimate which improves previous estimates in all dimensions and oodimensions. We prove the following. We also need the following lemma which is well known and easily checked. 
Applications
In this final section we give some applications of the previous results. A result of Morrey [13] shows that any C 1 function which satisfies the minimal surface system is real analytic. In the case n = 3, Barbosa stated without proof that a Lipschitz solution is real analytic. We present the proof here. We use Theorem 2.3 and a regularity result of Allard [1] . We first establish some definitions and notation. The regularity result we need is given in its full form in Allard [1] . Proo/. Let F be the graph of / and C(F, x) the tangent cone at a point x.
If C(F, x) is regular except at x, then it is the cone on a minimal two dimensional sphere S 2 in S k+~ centered at x. Let Nx be the k-dimensional normal space to S ~ in S k+2.
Let A be the k-dimensional space orthogonal to the Euclidean 3-space containing S 2. Then since C(F, x) is given by a graph, (Nx, A~ >0, so Theorem 2.3 implies S ~ is a totally geodesic subsphere in S k+~. Hence C(F, x) must be a plane. Using Allard regularity (together with Morrey's regularity) we conclude that / is real analytic.
Claim. C(P, x) is regular for y~x, where yEC(F, x).
It follows from Federer [9] , p. 456 that C(C(F, x), y) = line • 2-dimensional cone.
It is straightforward to show that the two-dimensional cone is minimal and is the graph Proo/. The idea of the proof is to look at the tangent cone at oo. Thus we define a sequence/,(x) = (1/r)/(rx). As above,/r has uniformly bounded gradient. Again, there is a subsequence rj-+ c~ such that lim/r(x) = h(x).
rr-~o
h(x) is a solution to the minimal surface system and the graph is a cone. By the same arguments as above, the cone is a plane. Allard's regularity estimate then implies the original graph is a plane, hence / is linear.
[]
